Abstract. We investigate the geometry of a normal bundle equipped with a (p, q)-metric, i.e., Riemannian metric of Cheeger-Gromoll type, to the submanifold of a Riemannian manifold. We derive all natural object as the Levi-Civita connection, curvature tensor, sectional and scalar curvature. We prove that under some natural conditions the sectional curvature of this bundle may be bounded from below by given arbitrary large positive constant. Next we investigate (p, q)-metrics from the complex geometry point of view. We show when the normal bundle can by equipped with a structure of almost Hermitian, almost Kählerian, conformally almost Kählerian or Kählerian manifold.
Introduction and preliminaries
The best known example of a natural metric on the tangent T M to the Riemannian manifold (M, g) has been constructed by S. Sasaki in the late of 1950s. The geometry of T M with the Sasaki metric g S is proved to be very rigid. For example, O. Kowalski [10] showed that (T M,g) is locally symmetric iff (M, g) is flat. Moreover, in [12] E. Musso and F. Tricerri proved that (T M,g S ) is of constant scalar curvature iff (M, g) is locally Euclidean.
Next, A. A. Borisenko and A. L. Yampolski showed the full analogy between the geometry of the tangent bundle and the geometry of the normal bundle to the submanifold of a Riemannian manifold.
Another example of a natural metric on T M has been given by J. Cheeger and D. Gromoll in [7] . This metricg Ch−G is known in literature as Cheeger-Gromoll metric. Later the geometry of (T M,g Ch−G ) has been investigated by M. Sekizawa [13] and by S. Gudmundsson and E. Kappos [8] . In [8] it is proved that if the sectional curvature K of (M, g) is constant then (T M,g Ch−G ) is of positive scalar curvature iff K is bounded by some constants. Notice also that M. T. K. Abbassi and M. Sarih invesigated in [1] Cheeger-Gromoll metric in the context of Kiling vector fields.
Recently, the geometry of T M with a very general deformation of the Cheeger-Gromoll metricg a,b has been investigated by M. I. Munteanu ([11] ). The author of [11] determined the geometry of (T M,g a,b ) and described some aspects of the geometry of the unit tangent bundle T 1 M ⊂ T M . He also investigated (T M,g a,b ) from the complex geometry point of view. Applying the method developed by M. Anastasiei in [2] , Munteanu showed T M can be equipped with an almost complex structureJ compatible withg a,b .
He proved when (T M, g a,b ,J) is almost Hermitian, almost Kählerian, locally conformal Kählerian, or Kählerian manifold Independently, in [3] M. Benyounes, E. Loubeau and C. M. Wood introduced a some class of natural Riemannian metrics on vector bundles of Cheeger-Gromoll type. These metrics, h p,q , p, q ∈ R, q ≥ 0, called (p, q)-metrics generalize both the Sasaki metric and the Cheeger-Gromoll metric, but are less general than the metrics introduced by Munteanu. (p, q)-metrics have been discovered together with some new harmonics maps, but, as the authors showed, the geometry of (T M, h p,q ) is of the independent interest [4] .
Although, metrics from [11] are much more general than (p, q)-metrics, (p, q)-metrics have very nice geometrical properties. Among results from [4] the following seems to be very important: Suppose that M is a space of constant curvature. Then there exist p and q such that the scalar curvature of (T M, h p,q ) is strictly positive.
In the light of [4] and [6] there appears a question on the geometry of the the normal bundle with (p, q)-metric. In this paper we investigate (p, q)-geometry of the normal bundle T ⊥ L to a submanifold
we derive all natural geometric objects: the LeviCivita connection∇, curvature tensorR, sectional curvatureK and scalar curvatureS of h p,q . We show that this objects are determined by the Levi-Civita connection ∇ of L, normal connection ∇ ⊥ , normal curvature tensor R ⊥ and its adjointR, and the parameters p and q.
We prove that (Theorem 2.
We also obtain some estimations for scalar curvature and prove that (Theorem 2. 
metric , on L and a fibre metric , ⊥ in T ⊥ L. Let ∇ be the Levi-Civita connection of , , and ∇ ⊥ be the normal connection in T ⊥ L induced from the Levi-Civita connection of g.
All maps, vector fields, sections etc. are assumed to be smooth.
We will denote by X, Y, Z vectors / vector fields tangent to L, and by ξ, ζ, η members / sections of
uniquely determined by the conditions
where V = ker π * is the vertical bundle and H = ker K is the horizontal bundle. Every A ∈ T θ (T ⊥ L) can be uniquely written as a sum A = HA + VA, where HA and VA is the horizontal and vertical part of A, respectively.
We denote by X h and η v a unique horizontal and vertical lift of X and η, respectively. Moreover, Θ denotes the canonical vertical vector field, i.e., for every θ ∈ T ⊥ L, Θ θ is the vertical lift of the vector θ to the point θ, or equivalently, Θ is a section of V such that K(Θ θ ) = θ.
Notice that the assumption that ∇ ⊥ ξ i = 0 at x has been used only in the proof of formula (1.2).
We denote by R and R ⊥ the curvature tensor of ∇ and ∇ ⊥ . LetR be adjoint to R ⊥ , i.e.,
Notice that by the Ricci equation it follows that R(ξ, η) = −R(η, ξ).
As a direct consequence of the definition ofR and the fact thatR is skew-symmetric we obtain that for
We will also work with the covariant derivatives ∇ ⊥ X R ⊥ and ∇ XR defined in a usual way:
The generalized Cheeger-Gromoll metric on T ⊥ L it is natural metric h p,q defined as follows:
where p ∈ R and q ≥ 0 are fixed and the function ω is given by
The metric h p,q is also called (p, q)-metric. Notice that h 0,0 is the Sasaki metric h S and h 1,1 is the
Remark Munteanu in [11] considered natural metrics on tangent bundle whose analogue for normal bundle wolud be as follows:
For the future considerations, it is convenient to define the function ω √ q by ω √ q (θ) = ω( √ qθ), i.e.,
(1) Take a ∇ ⊥ -parallel vector field e such that e(0) = θ andė(0) = X h (θ), and let γ = πe. Then the derivative of t → ω p e(t) is equal to zero. Moreover,
Consequently,
is given by
where ν and µ are functions defined by
Proof. (1.14): It follows directly from (1.6) and (1.8).
(1.15): The equality of the vertical parts follows from Lemma 1.4 (1) and (1.9), the equality of the horizontal parts follows from Lemma 1.4 (2) and (1.7).
(1.16): The fact that the vertical part of the left hand side is degenerated follows from Lemma 1.4 (1) and (1.11). Thus the equality follows from Lemma 1.4 (2) and (1.10).
(1.17): The horizontal part of the left hand side is degenerated by (1.12) and Lemma 1.4 (1).
By (1.13) and Lemma 1.4 (3) we get
If θ = 0 then right hand sides of (1.18) and (1.17) are equal to zero, so our assertion follows.
Suppose that θ = 0. We write ϕ = (∇ ξ v η v ) θ , for simplicity. Applying the definition of , to the left hand side of (1.18) we obtain
Moreover, observe that
where the first terms of the right hand sides of the identities is orthogonal to θ with respect to the fibre metric , ⊥ . Substituting these identities to (1.19) we see that the coefficient at θ must be equal to zero.
Substituting this identity to (1.19) we obtain (1.17).
Notice that by (1.17) it follows that the fibres T ⊥ x L, x ∈ L, are totally geodesic.
we have
Proof. Direct consequence of Lemmas 1.5 and 1.1.
is linear. The following is a version of the Kowalski's Lemma [10, p. 125] for T ⊥ L. Since the proof of Lemma 1.6 can be based on the same method as Kowalski's one, the demonstration is omitted.
are bundle morphisms then we define the vertical lift F v and the horizontal lift G h of F and G as follows:
Notice that the canonical vertical vector field Θ is nothing but the vertical lift of the identity map
Proof. We will prove above formulae for F . Proof for G is analogous.
the codimension of L. In a neighbourhood U of x we may write
where (ξ i ) is a local orthonormal frame of T ⊥ U , and λ i ∈ C ∞ (π −1 (U )). Since F is a bundle morphism,
Now the formula follows by Lemma 1.5.
On the other hand, (
Hence the second formula is proved.
Remark In the case of the tangent bundle of a Riemannian manifold equipped with the Sasaki metric above lemma is due to O. Kowalski [10] . However, his proof is based on some other method than ours.
Let Y, Z be vector fields on L and ζ be a section of T ⊥ L. Consider bundle morphisms Id :
The geometry of T ⊥ L
In this section we assume that T ⊥ L is equipped with the Cheeger-Gromoll type metric h p,q = , .
2.1.
Curvature tensor and sectional curvature.
Lemma 2.1. For every vector fields
Proof. All formulae are consequence of Lemma 1. 
where a θ , b θ and c θ are given by
Observe that these functions satisfies the identity
Then the sectional curvatureK of , at θ is given by:
Proof. Write, for simplicity, However, applying O'Neill's formulae (see [5] , Chapter 9 §D) we may prove (2.3) and (2.4) in much easier way.
Since the fibres of T ⊥ L are totally geodesic the O'Nill's formulae becomes:
We prove formula (2.5). We havẽ
Denote by N and D the numerator and the denominator ofK(ξ v ∧ η v ), respectively. Applying the definition of , we obtain
Next, by (2.1), we obtaiñ
It follows that
Now (2.5) is a direct consequence of (2.6), (2.7) and (2.2).
As a consequence of Proposition 2.1 and Proposition 2.2 we obtain (compare [6, Theorem 1]): (⇒) We have 0 =R θ (X h , Θ)Z h for every X, Y and θ. Consequently, for every X, Z and θ
It follows that R ⊥ ≡ 0, i.e., the normal connection ∇ ⊥ is flat. Next, for every vector fields X, Y and Z
is flat. Now we must show that p = q = 0. By Proposition 2.2 it follows that
for every orthonormal ξ, η (codim L ≥ 2) and every θ. Applying the definition of a θ and b θ , and substituting θ = 0 to (2.8) we obtain that q = −2p. Keeping this in mind, and substituting θ = ξ to (2.8) we get p = 0, and then q = 0.
Consider two cases (i) θ = 0 and (ii) θ = 0, separately.
(i) Since θ = 0 we see that
Take an orthonormal basis (
(ii) If θ = 0 we proceed as follows: Take an orthonormal basis (X 1 , . . . , X d ) of T x L and an orthonormal
Now applying the definition of δ i we easily check that F i , F j = δ ij .
Theorem 2.2. Adopt above notation. Denote by S andS the scalar curvature of (L, , ) and (T ⊥ L, , ).
where d and d ′ denote the dimension and codimension of L.
Notice that if dim L = 1 (resp. codim L = 1 then the first (resp. last) term inS is omitted. Moreover,
Proof. Clearly it suffices to prove (2.9) for θ = 0.
By the definition of E it follows that
Applying (2.3) we obtain
Applying (2.4) we obtain
Applying (2.5) we obtain
This finishes the proof.
2.3.
Estimates of the scalar curvature. State the step key
There exist p ∈ R and q ≥ 0 such that the following function Φ = Φ c1,c2 is strictly positive for t ≥ 0.
Here P is a polynomial of form
where
Let C > 0. We say that R ⊥ (resp.R) is bounded by C if for every x ∈ L, every X, Y ∈ T x L and every
Proof. By theorem 2.2 we have 1
where then then there exist p ∈ R and q ≥ 0 such that the scalar curvature of (T ⊥ L, h p,q ) is strictly positive.
A natural almost complex structure on T ⊥ L
We want to find a natural almost complex structure on T ⊥ L compatible with the given (p, q)-metric h p,q = , . Clearly, dim T ⊥ L can be odd, so in general it is impossible. Therefore, we restrict our consideration to the following case:
M is 2k-dimensional manifold equipped with an almost complex structure J, compatible with the metric g, and L is a k-dimensional totally real submanifold in the sense that: for every x ∈ L, T x M splits as a direct orthogonal sum:
3.1. An almost complex structure. Modify a method form [11] we will seek an almost complex structure of the form:
where a, b, c, d are functions on T ⊥ L, and J h denotes the horizontal lift of the bundle morphism J :
Moreover, we may suppose that the functions a and c are non-negative.
We must haveJ If we choose the minus sign in b or d then we obtain a singularity at θ = 0. Since we wantJ to be defined on the whole T ⊥ L we choose minus sign in '±' in both b and d. Then we may write on the whole T ⊥ L: We proved: q 1 + q θ, θ ⊥ + 1 + q θ, θ ⊥ JX, θ ⊥ Θ θ .
Notice that if p = q = 0 thenJξ v = (Jξ) h andJX h = (JX) v .
3.2.
On the integrability ofJ. In this section we assume additionally that (M, J, g) is Kählerian and L is totally geodesic. Moreover, let ∇ g and R g denote the Levi-Civita connection and curvature tensor of g, and let K be the sectional curvature of (L, , ). Recall that on a Kähler manifold, J is parallel, i.e., SupposeJ is given as in Proposition 3.1. We ask whetherJ is integrable. LetÑ be the torsion ofJ.
Recall, thatÑ is a tensor field of form: 
